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Abstract
Two newly observed bands built on a two-quasiparticle configuration in 130Ba have been
investigated for the first time with the microscopic projected shell model. The experi-
mental energy spectra and the available electromagnetic transition probabilities are well
reproduced. The wobbling character of the higher band is revealed by the angular mo-
mentum projected wavefunctions via the K plot and the azimuthal plot. This provides
the first strong microscopic evidence for wobbling motion based on a two-quasiparticle
configuration in even-even nuclei.
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1. Introduction
The wobbling motion is one of the most intriguing quantum phenomena of a triaxial
rotating nucleus, proposed by Bohr and Mottelson [1]. It is a quantum analog to the
motion of a free classical asymmetric top, whose rotation around the principal axis with
the largest moment of inertia is usually energy favored and stable. The term “stable” here
means that at slightly larger energies, the rotating axis would not be very far away from
the space-fixed angular momentum vector, but instead, it executes harmonic precession
oscillations about the space-fixed angular momentum. For quantal nuclear systems, these
oscillations appear as equidistant excitations and, thus, the energy spectrum is a series of
∆I = 2~ rotational bands corresponding to increasing phonon quanta n and alternating
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signature quantum numbers. Moreover, the ∆I = 1~ transitions between the bands with
n and n+ 1 phonons are collectively enhanced.
A clear evidence for wobbling in this purely collective form, which is seen in all asym-
metric top molecules, has not been found so far in nuclear systems. Instead, wobbling
evidences have only been reported in odd-A triaxial nuclei, e.g, 161Lu [2], 163Lu [3, 4],
165Lu [5], 167Lu [6], 167Ta [7], 135Pr [8, 9], and 105Pd [10], where either an odd proton
or a neutron occupying a high angular momentum orbital is coupled to the triaxial ro-
tor, and considerably influences the wobbling motion. As a result, the experimentally
observed wobbling energies, i.e., energy differences between the wobbling bands, have
been found to decrease with increasing spin, contrary to the behavior expected for even-
even nuclei [1]. This is interpreted as the so-called “transverse wobbling” [11], where the
odd-nucleon angular momentum alignment is assumed to be frozen and perpendicular
to the axis with the maximal moment of inertia. This interpretation stimulates great
theoretical interests to clarify the modified wobbling mode in odd-A nuclei using different
models [12, 13, 14, 15, 16].
Only a few indications for even-even wobbler have been reported. For instance, in
112Ru [17], the ground band, and the odd and even spin members of the “γ-band” are
proposed as the zero-, one-, and two-phonon wobbling bands, respectively. However,
this wobbling interpretation is not very solid because no electromagnetic transition data
were reported. A very interesting example of wobbling in even-even nuclei is the recently
reported band structure in 130Ba [18], where a pair of bands with even and odd spins,
labeled S1 and S1’, were interpreted as the zero- and one-phonon wobbling bands [19]. It
should be mentioned that the configuration of these two bands are built on two aligned
protons in the bottom of the h11/2 shell. Therefore, the wobbling excitation in
130Ba is
not in a purely collective form, but in the presence of two aligned particles.
On the theoretical side, nuclear wobbling bands have been extensively studied with the
triaxial particle-rotor model [11, 8, 10]. However, such analyses are all phenomenological
and are fitted to the data in one way or another. There are also many efforts to extend
the microscopic cranking mean-field model to study the wobbling motion. The cranking
mean-field model yields only the lowest state for a given configuration and, thus, one has
to go beyond the mean-filed level to describe the wobbling excitations. This has been done
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by incorporating the quantum correlations by means of random phase approximation
(RPA) [20, 21] or by the angular momentum projection methods [22, 15].
The projected shell model (PSM) carries out the shell-model configuration mixing
based on Nilsson mean field with the angular momentum projection technique [23]. The
implementation can also be rooted on the self-consistent relativistic [24] and nonrela-
tivistic [25] density functional theories. The PSM was used to understand the wobbling
motion in 135Pr [9], where the observed energy spectra and electromagnetic transitions
for the wobbling bands are well reproduced. However, an illustration for the underlying
wobbling geometry of the angular momentum was missing. The difficulty lies in the fact
that the angular momentum geometry is defined in the intrinsic frame, while the angular
momentum projected wavefunctions are written in the laboratory frame. In Ref. [26], fo-
cusing on the chiral doublet bands in triaxial nuclei [27], the K plot and the azimuthal plot
are introduced to illustrate the chiral geometry with the angular momentum projected
wavefunctions.
In this work, we report a microscopic investigation on the recently observed two-
quasiparticle bands S1 and S1’ of 130Ba with the PSM. This is the first example of
wobbling motion based on a two-quasiparticle configuration. In particular, the influence
of the two quasiparticles on the angular momentum geometry of the wobbling bands is
illustrated in terms of the K plot and the azimuthal plot.
2. Theoretical Framework
The framework of the PSM starts from the standard pairing plus quadrupole Hamil-
tonian [28],
Hˆ = Hˆ0 −
χ
2
∑
µ
Qˆ†µQˆµ −GM Pˆ
†Pˆ −GQ
∑
µ
Pˆ †µPˆµ, (1)
which includes a spherical single-particle shell model Hamiltonian, a quadrupole-quadrupole
interaction, a monopole pairing interaction, and a quadrupole pairing interaction. The
intrinsic vacuum state |Φ0〉 can be calculated by the following variational equation,
δ〈Φ0|Hˆ − λnNˆ − λpZˆ|Φ0〉 = 0, (2)
with the Lagrange multipliers λn and λp determined by the neutron number N and
proton number Z, respectively.
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Based on the intrinsic vacuum state |Φ0〉, the two quasiparticle states |Φκ〉 for even-
even nuclei can be constructed with
|Φκ〉 ∈ {βˆ
†
νi βˆ
†
νj |Φ0〉, βˆ
†
pii βˆ
†
pij |Φ0〉}, (3)
where βˆ†ν and βˆ
†
pi are the quasiparticle creation operators for neutron and proton, re-
spectively. The rotational symmetry of the intrinsic states |Φκ〉 can be restored by the
projection {Pˆ IMK |Φκ〉}, in which Pˆ
I
MK denotes the three-dimensional angular momentum
projection operator [28].
The Hamiltonian (1) is diagonalized in the space consisting of the projected two
quasiparticle states and the vacuum, and this leads to the Hill-Wheeler equation,
∑
κ′K′
{〈Φκ|HˆPˆ
I
KK′ |Φκ′〉 − E
Iσ〈Φκ|Pˆ
I
KK′ |Φκ′〉}f
Iσ
K′κ′ = 0, (4)
where σ labels different eigenstates with the same spin I. The norm matrix element
NI(K,κ;K ′, κ′) = 〈Φκ|Pˆ IKK′ |Φκ′〉 and the energy kernelHI(K,κ;K
′, κ′) = 〈Φκ|HˆPˆ IKK′ |Φκ′〉
can be calculated by using the Pfaffian algorithm [29, 30].
By solving the Hill-Wheeler equation (4), one can obtain the eigenvalues EIσ and the
corresponding eigenfunctions
|ΨσIM 〉 =
∑
Kκ
f IσKκPˆ
I
MK |Φκ〉, (5)
with which the electromagnetic transitions can be calculated. It is known that the
projected basis {Pˆ IMK |Φκ〉} are not orthogonal and therefore, the coefficients f
Iσ
Kκ in
Eq. (5) should not be understood as probability amplitudes. However, one can construct
the orthogonal and normalized collective wavefunctions [28]
gIσ(K,κ) =
∑
K′κ′
N
1/2
I (K,κ;K
′, κ′)f IσK′κ′ , (6)
which are interpreted as probability amplitudes and are used to construct the K plot
and the azimuthal plot [26]. The K plot is defined as the probability distributions of the
components of the angular momentum on the three axes of the intrinsic frame,
pIσ(|K|) =
∑
κ
∣∣gIσ(K,κ)∣∣2 + ∣∣gIσ(−K,κ)∣∣2 . (7)
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The azimuthal plot is defined as the probability distributions of the polar and the az-
imuthal angles (θ, φ) of the angular momentum in the intrinsic frame,
P(θ, φ) =
∑
κ
∫ 2pi
0
dψ′
∣∣GII(ψ′, θ, pi − φ, κ)∣∣2 , (8)
where θ denotes the angle between the total angular momentum and the long (l) axis,
and φ denotes the angle between the projection of the total angular momentum on the
intermediate-short (i-s) plane and the i axis. The integrand GII(ψ′, θ, pi − φ) reads,
GII(ψ′, θ, pi − φ, κ) =
√
2I + 1
8pi2
∑
K
gI(K,κ)DI∗IK(ψ
′, θ, pi − φ). (9)
In the present calculations for the observed bands S1 and S1’ in Ref. [18], both
the proton and neutron orbitals are taken from the N = 3, 4, 5 major shells. The
monopole pairing strength, GM = 0.15 MeV for neutron and GM = 0.16 MeV for proton,
is determined by the odd-even mass differences. The strength of quadrupole pairing
interaction GQ is assumed to be 0.2GM ; similar to many other calculations [31, 32].
The strength of quadrupole force χ is connected with the quadrupole deformation (β, γ)
by the self-consistent relation as shown in Ref. [23]. The deformation parameters (β, γ)
are chosen as (0.24, 30◦), which is similar to the results given by the calculations of the
cranking covariant density functional theory [33, 34, 35] with PC-PK1 [36]. Since the
configuration of bands S1 and S1’ is assigned as pi(h11/2)
2 [18], only the proton orbitals
in the h11/2 shell are used to construct the configuration space.
3. Results and discussion
In the upper panel of Fig. 1, the calculated excitation energies with respect to the
bandhead (I = 10~) for the zero- (n = 0) and one-phonon (n = 1) states are presented
in comparison with data [18]. It is seen that the observed excitation energies are well
reproduced, in particular for the lower spin states. For the higher spin states, the cal-
culated energies are slightly higher than data, but this could be improved by including
more configurations in the model space. The wobbling energies Ewob, defined as
Ewob(I) = En=1(I)− [En=0(I + 1) + En=0(I − 1)] /2, (10)
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Figure 1: (Color online) Calculated energy spectra (top) for the zero- (n = 0) and one-phonon (n = 1)
bands as well as the wobbling energy (bottom), in comparison with data [18].
were calculated from the energy spectra and are shown in the lower panel of Fig. 1. The
calculated results are in good agreement with data, and in particular, the decreasing
tendency of the wobbling energy as a function of angular momentum is presented. This
has been suggested as the hallmark of the transverse wobbling in Ref. [11].
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Figure 2: (Color online) Calculated transition probability ratios B(E2)out/B(E2)in (top) and
B(M1)out/B(E2)in (bottom) for the transitions from the one-phonon (n = 1) band to the zero-phonon
(n = 0) band in comparison with data available [18].
The experimental and theoretical transition probability ratios B(M1)out/B(E2)in
and B(E2)out/B(E2)in for the transitions from the one-phonon band to the zero-phonon
band are shown in Fig. 2. The calculated results agree well with the data. Different
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from an ideal wobbler, here the values of B(M1)out/B(E2)in are comparable with the
B(E2)out/B(E2)in ones. This is attributed to the fact that two quasiparticles in the
h11/2 shell are involved in the configurations, which enlarges the M1 matrix elements.
Therefore, the E2 component of the ∆I = 1 transitions is not expected to be that
dominate like in other wobbling bands [8].
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Figure 3: (Color online) The azimuthal plots, i.e., probability distribution profiles for the orientation of
the angular momentum on the intrinsic (θ, φ) plane for the zero- (even spin) and the one- (odd spin)
phonon band at several selected angular momenta.
In order to examine the orientation of the angular momentum on the intrinsic (θ, φ)
plane, Fig. 3 depicts the azimuthal plots, i.e., the profiles P(θ, φ) for the zero- (even
spin) and one- (odd spin) phonon bands at several selected angular momenta. In the θ
direction, for all states, the distributions P(θ, φ) are mainly concentrated around θ ∼ 90◦,
and this means that the angular momentum locates mainly in the plane of short and
intermediate axes. For both the zero- and one-phonon states, the distributions in the
θ direction are more diffuse at lower spin states. In the φ direction, however, distinct
patterns are found for the zero- and one-phonon states. For the zero-phonon states
with I = 10, 16, 22~, the distributions P(θ, φ) are mainly concentrated around φ ∼ 90◦,
and they become more and more diffuse with the increasing spin. For the one-phonon
states with I = 11, 17, 23~, the angular momenta orientate equally at two directions
with φ ∼ 120◦ and φ ∼ 60◦, respectively, and the separation of the two directions
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become larger with the increasing spin. In contrast to the maximum at φ ∼ 90◦ for the
distribution P(θ, φ) of the zero-phonon states, there is a minimum at φ ∼ 90◦ in the
distribution for the one-phonon states. Therefore, the distribution in the φ direction is
symmetric for the zero-phonon states and is antisymmetric for the one-phonon states.
This pattern is consistent with the expectation of a wobbling motion, i.e., the precession
of the total angular momentum around the short axis.
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Figure 4: (Color online) The K plot, i.e., the K distributions of angular momenta on the three principle
axes for the zero- (even spin) and one- (odd spin) phonon band at several selected angular momenta.
The K distributions on the long, intermediate, and short axes are shown in the first, second, and third
rows, respectively.
In Fig. 4, the K plot, i.e., the K distributions of angular momenta on the three
principle axes for the zero- (even spin) and one- (odd spin) phonon bands are depicted
at several selected angular momenta. At I = 10~, the angular momentum is mainly
along the short axis, due to the alignment of the two quasiparticles in the h11/2 shell.
Therefore, it is seen in Fig. 4 that the probability is peaked at very small K values on
the long and intermediate axes, while at K ∼ 10~ on the short axis. At I = 11~, the K
distributions changes mainly on the intermediate axis, i.e., the remarkable probability at
Ki ∼ 0 for I = 10~ vanishes. This indicates that a symmetric wavefunction with respect
to Ki ∼ 0 at I = 10~ changes to an antisymmetric one at I = 11~. It is consistent with
the pattern shown in the azimuthal plots (see Fig. 3), and reflects the fact that the states
at I = 10~ and 11~ correspond to the zero- and one-phonon states, respectively.
Increasing the spin to I = 16~ and 22~, the K distributions on the long axis barely
change, which means that the angular momentum grows very little in the long-axis direc-
tion. Comparing the K distributions on the other two axes, it is found that the angular
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momentum is generated mainly in the short axis. Though the two h11/2 quasiparticles
contribute only about 10~ in the short axis, the peaks of K distributions on the short
axis can reach 16~ and 22~ for the I = 16~ and 22~ states, respectively. This indicates
that the scenario of the transverse wobbling [11] is realized in the present microscopic
calculations. The K distributions on the intermediate axis become very broad for the
I = 16~ and 22~ states, while the significant probabilities at Ki ∼ 0 remain. This fea-
ture, together with the vanishing probabilities at Ki ∼ 0 for the I = 17~ and 23~ states,
reflects again the wobbling character of the odd-spin states.
For the I = 23~ state, it can be seen that the components of the angular momentum
on the intermediate and short axes are comparable. This might indicate that I = 23~
is very close to the so-called critical spin, and above this spin, the transverse wobbling
would not be stable and the tilted axis rotation may appear.
4. Summary
In summary, a pair of newly observed bands built on a two-quasiparticle configuration
in 130Ba have been investigated with the microscopic projected shell model. The experi-
mental energy spectra, energy differences between the two bands, as well as the available
electromagnetic transition probabilities are well reproduced. Different from an ideal wob-
bler, the values of B(M1)out/B(E2)in are comparable with the B(E2)out/B(E2)in ones
due to the involvement of the two quasiparticles in the configurations. Nevertheless,
the wobbling character of the higher band can be demonstrated in terms of the K plot
and the azimuthal plot. This provides the first strong microscopic evidence of wobbling
motion based on a two-quasiparticle configuration in even-even nuclei.
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